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Data-Driven Modeling of Dynamical
Systems



Data-Driven Modeling for Dynamical System
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Parameter Identification

A general parameterized dynamical system may take the form
o1

X
X= 5)212 =v(X;y;Z, 12 {2_}) v(x; )

where the mathematical approximation v v(; ) is given by

+ polynomials, e.g., SINDy [Brunton et al., 2016], [Schaeffer-Tran-Ward,2018]
- other basis functions, e.g., piecewise polynomials, RBFs, Fourier, etc.

« neural networks [many references], and so on,

where corresponds to expansion coefficients, neural network weights, etc.



Unique Challenges for Chaotic Systems: Chaos

Challenge One: The initial condition of the system is unknown.

—— Xxp=(10.001, 10, 10)
—— X0 =(10, 10, 10)

L? pointwise difference

404
35
30
25
20
154
101

0 2000 4000 6000 8000 10000 12000 14000
time step

Figure: The comparison between Xo = [10:001; 10; 10] and X, = [10; 10; 10].



Unique Challenges for Chaotic Systems: Noises

Challenge Two: The time trajectories contain noise.

No nOise extrinsic noise

— intrinsic noise
—— no noise

X = f(x):
Extrinsic noise
X =x+ ;x=f(x):

Intrinsic noise

x=f(x)+ 1
Figure: The comparison among the three cases.



Unique Challenges for Chaotic Systems: Poor Data Quality

Challenge Three: Cannot measure the Lagrangian particle velocity flow
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velocity x evaluated at fx;g
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Figure: The continuous trajectory vs the samples



The Eulerian Approach

Often, chaotic systems admit well-defined statistical properties:

Zr

Rr
d
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where x(t) is a trajectory starting with x(0) = x, and .7 is called the occupation
measure. We call  a physical measure if Tli.ml x7 = forx2U, Leb(U) > o.

Data Change: take  as observation data instead of the trajectory x(t).
Model Change: s the steady-state solution to the continuity equation:

@ (x;t)
@t

+r (v(x; ) (x;t))=o0:




Road map: from Lagrangian to Eulerian

Lorenz system (without noise)

ODE modelx = v(x); observe fx(t;)g;

+

Occupation measure
Z
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@ 15(x(s))ds
o Lpa(x(s))ds
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physical measure
+
Stationary distributional solutions of

: g;;t)“’ v(x; ) (x;t) =o:




The New Method — A PDE-Constrained Optimization Problem

We treat the parameter identification problem for the dynamical system as a
PDE-constrained optimization problem:

=argmind( ; ());

0 _ RTORER
S.t. @ = E@X,'@Xj : = 0:

: the observed occupation measure converted from time trajectories
() : the distributional steady-state solution of the PDE
d : an appropriate metric that captures the essential differences, e.g., W, metric
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Data and forward problem are changed, but parameters remain the same.
The gain is to work with a much More Stable inverse problem!
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Next: an objective function comparing distributions



Optimal Tra

" Monge (1781)
" Kantorovich (1975)

" Brenier, Ca€arelli, Gangbo, McCann, Benamou, Otto,
Villani, Figalli, etc. (1990s - present)

Figure: Proposed by Monge in 1781
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Optimal Tra

Figure: Proposed by Monge in 1781

" Monge (1781)
~ Kantorovich (1975)

" Brenier, Ca€arelli, Gangbo, McCann, Benamou, Otto,

Villani, Figalli, etc. (1990s - present)

" Data Assimilation (Reich, Vidard, Bocquet...)

Hyperbolic Model Reduction (Mula, Peherstorfer,Ravela)

Image Processing (T. Chan, Peye, C. B. Sclenlieb...)

~ Inverse Problems (Bao, Marzouk, Engquist, Singer, Y.,...)

" Machine Learning (Cuturi,Peyre, Solomon, ...)

Sampling (Marzouk, Rigollet, Chewi, ...)

And more
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The Wasserstein Distance

De nition of the Wasserstein Cjstangg
Forf;g2P() (f;g Oand f = g= 1), the Wasserstein distance is

formulated as 7

1

Wo(f;9) = nf jx T()jPF(dx p (1)

M : the set of all maps that rearrange the distribution  f into g.

The commonly used cases include p= 1 andp = 2.
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The Wasserstein Distance

De nition of the Wasserstein Cjstangg
Forf;g2P() (f;g Oand f = g= 1), the Wasserstein distance is

formulated as 7

1
. - . . .p p
Wolf;@)= It jx T(x)J" F(x)dx 1)
M : the set of all maps that rearrange the distribution  f into g.

The commonly used cases include p= 1 andp = 2.

Properties of W, as the loss function
(1) Provide better optimization landscape for Nonlinear Inverse Problems:

=argminWs( ( ); )

(2) Robust in Inversion with Noisy Data (equivalentto H 1 norm) 1
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